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Investigation on Resonance Frequency Shift of Cantilevered Piezoelectric
Beams With Variable Load Resistances

LI Jiajie,GUO Hui, WANG Yansong, YAN Xu
(College of Automotive Engineering,Shanghai University of Engineering Science,Shanghai 201620, China)

Abstract; Based on Euler-Bernoulli beam theory, the voltage response of the cantilevered piezoelectric beam for
bimorphs in series connection with aluminum substrates and the resonance frequency shift of short-open circuit are
investigated in this paper. By using the total thickness of the cantilevered beam and the thickness of piezoelectric ce-
ramics are chosen as the influencing parameters, the single/multi-mode solutions of the output voltage are derived
firstly, then the short-open circuit resonance {requency shift under different thickness of the cantilevered piezoelec-
tric beams is analyzed on the basis of the singlee-mode solutions. The results exhibit that the single-mode solutions
are of good estimation and simple calculating comparing with the more accurate multi-mode solutions; in the arbi-
trary range of variable load resistance, there exists the worst point of the thickness of piezoelectric ceramics, which
leads to maximum resonance frequency shift. Accordingly, the worst point should be avoided for optimum adaptabil-
ity and more desirable efficiency of energy harvesting when the cantilevered piezoelectric beam is designed.

Key words: energy harvesting;cantilevered piezoelectric beams;analytical modeling; variable load resistance;res-

onance frequency shift

0 3 %F

B % WL HL R 45 (MEMS) 3 AR 19 A I K i L 4
FEr IR i ROF RN B PR PERE A9 2K H 45 48 w5
fegEm s b & AN BE WG 2 1ok 25 1 IR LA 500
RGN Bl TR AR R A B R L
HLAE A VR RE B R R B MR IR U S
MEMS £ AR e 78 85800 5 PR 2 T Fs B 280 (9 B 43
HEARC&AZRE, CAMFRACREY, Kb
TR AR A PR AR 5 A A R bR R M 4
FIOG, M e 12 2 SURE A 1] i B i HL AR 45 4

Y5 H#9:2016-06-16

AR R P J5 o 1 B i 25 4 A S 6 2R e e T
WAEREI I 2 . T e i BB SR A A 15 A A A
R ey s i e B ST T T P S R A MR
SR PRSI UL 52 6 235 5 1) 5 2k » o ol 2 A 42
R i JO A BSR4 G ) [ AR G A R R A
HEPCC - AT 3 5 FL SR 0 R B RE o Jung S50 A
FE T ARLAMEIR B T — b IR L - kS 5 RE A el Wi 2%
5515 G0 1T LS TR A L A R 114 A S G D T ek e O
B AR A A T B e RE R [T WA L 9 A AR
Pt . LSS WSS T SRR T A R S0 78 51 2 1

EETE: Bl 8 RPHEIEE B DT H (14ZR1418600) 5 |6 5K H AR 22 FE & B BT H (51175320,51675324)
YEF B A AR 1992 55 DU Erp A B AR 2 8 IS W R i IO B T . S 1 2 S0 (1981-) L 3 Il R ol LN B 042 .

+ 45 fi, E-mail: hgsues@163. com,



2

Wi 7 o 5 B0 43 BT 285 R AR AE — A~ e DR A 97 2 4
i PRy R K B o R T B DR B A R T K

H AT H S 1 B 1 A5 BT K 22 A PR —
TR A N IR, BB R 1S 2% X6 A1 38 67 28 1 58
NEPEAN o B A0S A AN 2 [ L T R
A [l [ DA 3 30 5 (DS 57 R BHLAE N 0—>00) Y
TR PR A D BEATEST AR B AT i 1 R A 3R )
B3 HT . A SCHIFSE T J - % 2L R 0 B o [n) T, HL
PR R i e i R TR S . S
TR PR RS AR R R T BRLARE i 1Y)
KA T4 T DL RS S i hy Sl o AT T AS [ R
R g BT I LR RS
1 g ar
1.1 B/ ZEXRE

1k 0L R R i B R M R B R . R
W) Y 5 L1 4 T 3 ARG W 7 — A A R R R
TR () — vty [B] 2 o e PR A2 S A Al A FH B 23 77 2R /)N
L W HE VE Euler-Bernoulli 22, FHL KA
L5820 b, K H P % R a5 1 5 M U5 B 0 1 oK o, A
lmo ARSCHE] PZT-5A F HEL B S R0 AR ] L 1 JE A

N FRHEPE R

N e

Q \ —>th5
~ /?/ I\-.“‘

~_ EdbbE g FEBMH b

BT OB i R A
SRR T o F H R T 1 4t 0 A ) A% Ry
w(x,t) = we(x,t) + w, (1) (D
P s, (s o) Sy Hs L BRAH X T e B v B 2 7% 5
w, () A IEREB RS . A FIE. S w, (1) =
Woe, Horh W Sy JEmli 67 B W A6, ) Oy K BCER Ao
XU fm s L 2 A R3O Rk

(2
ALY O e R T W s o0 D AR B R
FHm N ALK B BT
AR SCRRLO 1o %8 T 1] % 2 80 B 4 4, o
T R

_ Ao Ar
¢, () = — [cos T cosh T +
e A
T,.(sm T+ Sll’thI>:| 3

Ko, MHOIREGA WA r PrESAIEE . A

ZEAEANAE AR 00 B B R LR MRS R O 309
cos Acosh A =—1 (4)
. = sin A, — sinh A, (5)

cos A, + cosh A,
55 r BB XS N Y T BH 8 [ A R W] R s ol

32 Y/7\'I
w, = A ,mL’l (6)

Xof T H, R R L HL TR H AR AE J e
T = ('fl St —enE;
{D3 = ey S} + ¢4 E,
Kb Ty, SE LDy FES 4350 0 v B % 2 19 9 1n)
N 3 43 HE YN ) N AR Ay f AN RS 43 i R E A 0 B )
Ty on o e Ml ey 23 N H O RS TR R P S R A
T LV ORI
HLHL R SRk N
S @ 4 op, D ey -
dr

D)

de?
uOK, = £, (8)
do(t) | v(1) | < dn, (1)
C, Syt R Jr;K,LdZ =0
At K, = bt BN =Gt/
=1L

25 f, (O RBES ST R By (O A AR AR R EGC, R
JE LR R A 2, A C,=eybL/(2¢,),
A f(O=F, e ,p(O=H,e" ,u(t)=U,e" , {{
AKX AT G Ll
(wr — " + 2jw,w)H, — K'Uo = F,
{ 1, . o (9
(ﬁ + Ja)Cp)UO —Q—Jer]K,,H,, =0
H1 20 (9) AT SR i F A ek 6 ik 38 h o
JE w, (0= o'W, {) Z SR U, Ny

M
U = D - (10)
w0 1 .
7 TieC, + >IN,
=1
K. M = — jwK,8, /(o — & + 2i¢w,w) s Ny =

L
MLK, /8,6, RS TR 1L o, —m| g (o) de .
0

LS M R B B AT B AR L 7 B B A B AR
A5 1R B O L A 2 R AT 408 A AR 2 14 e B A
RN, HEEABS T AR O RE iy I 7E
FL FE A [ S S BB A R AR S (— B ) fiE
i R D i PR RE A B . MRS S CTO) ISR
FARLER B PR S i N

— joRK.9,

1+ jwRC o
—M K~:
— WK 5, 1 +jwRK;

U, = an




310 E o5

oo 2017 4F

1.2 ER-FRLRMZE
MR 20T o 3R i E PR T A3 ) o 550 A5y
| — @y, |8./0, |
AH: M = UA—a") /v, — 20°¢ 3 N» = 208, /v, +
wo(l+7)
K2/ (Cowl) RBEECy, >0 ) FITF v, =0 )1
B0 H s A5 ) o K00 AR S 1) S
ayw, |8, /K, |
(1—a&)" + 2¢w)?
(13)

a2z

~3 - _ _
— @ s 0 = ww s v —chw,v Y- =

‘ Urs

= lim|U,| =
br‘»O

‘ Uro

= lim |U, | =
7. 16, /K, |
Qo)+ [A4+7)—a" )
49U, /dw = 0, dU,,/de = 0 , B o] 3R H G =
G5 % NI BE LR IR 3N Gree = 15 Greo =
Ity =28 o B DL R A B SR AR 2 5 oy
Wress = W, (15)
Wreo = w, /1 T+ 7, =28 (16)
Awew = w, VA + 7, —28 — 1 (17
2 H B A
2.1 B/ZIESHHLLE
TE T H5 e B/ Z RS R R Al | L 25 s i A
T DR ER/ 22 RS 1 L AR RD AN [R) JEE BE s HL RE o [l i
s LRI RS A . A AR 11 AR AT
HEAT B0/ 23S Al 1Y) LA B U SRS S A R A A Al 3
P 3 SR 5 78 AL A 0 ity s 0 A AS () JEE R s v 22
B R BB IR . K1 MR EERNY
FRERE , M PZT-5A F14R 43 0 18 Sk s o A4 L 3
bt L

(14)

*1 EREERWESME

% b PZT-5A R
MR Ch , Yi./GPa 61 70
B o /(kg/m®) 7 750 2 700
FEHL R S # B es/ (C/m®) —10.4 —
AL B 655/ (nF/m) 13.3 —
K EF L /mm 30 30
$& BE b/mm 5 5
J& B¢, tm/mm 0.15 0.05

TR0 I 7 P F R = B RS B 4 g =
0.010,% =0.012,¢ =0. 030, KMHE 1 FFnR W
RPEAT R Z RS BT AL 2 i ALY

BRI — AL S R, Z RS AR R T 1T = i
AN AR R o R=10 kQ. HE AT F
o — ~ =B AR A A5y By £ = 185. 3 Haz,
Ffoe=1162.4 Hz, f., =3 252.5 Hz, 7E— iz
RO AR A 1 22 RS il SRS R B R A 19 A
THHE A T 23S i 10158 22 AR /N o FLIR A7 %
P — B e PR A % R K. K 2(b) W F
R 2 R AR A B — B LR AR 2 1A% R S
7360 Hz BF, i 250 12, 1%, A6 76 = = pr
AU SRS A B A T AR 25 O TR Ok S s X
75 25 B 3T 1 e 1 AN 2 — o A S AR /N 1 B B A
R L S5 224 SR SRS 25 M 43 B — B B8 T S T

— 0.14
% 0.12} 1853 Hz —ZBA
§ 0.10 -
£ 0.08
E 0.06
% 0.04r [ 11624 Hz
& 0.02
e 32525 Hz
0 2 3 4
i /kHz
(2) T =M B UL U FEFRF
=012 —ZHE
2 - - B
£ 0.10 [ 530
S hae NG 2.48 mV/(m/s?)
B =g 25
gooe N ES0 Nmee
= 0.04 i
= 1.5 i
Ko.02 350 360 370 380
g 1% /Hz
0 200 400 600 800

P Hz
(b) — BB I B EsFRFJBCK B
Bl 2 H/ZREEMRHE FRE
2.2 ER-ARERMEE

TESUE T SRS A R G Ak 3 0 BR Al | L 3%
HEAT 1 B AN B 3 e - T LR RS 1 1 o T
WRAEX QDA Bk 5 EEEMEE ¢ AR H 7
207 WBCA RS R L TS R I RT 22 RS
FELJE sz . 1] 3 S 1 B ik 1) 1 v 22 W s A3 e

= 2.0 Af=62Hz 20=
% 1.5 I'SE
= ]
& 1.0 1.0)g
= 05 0.5
§ { 2
% 0 0 ﬁ
@ 175 180 185 190 195 200 205

P /Hz
3t T L AR A RS



o502 1 AR

AR A AR T HL S SR LR A RS i T 311

Mk, MHEaE R n] & W, g AL R 4 % 0y 185. 1 Haz,
TR PR A5 % o 191, 3 Hz, $ii 8 & Af=6. 2 Hz,
T UL RS L ANER 3 100 Q B RS E R
§% o B EL i S A e R A 6 B o B A R
AfE RN,
& 4 S E e B R AR T=0.35 mm B, A~
[F) P H Bl 5 J2 TS 3 X6 I 1 6 B % e i 1 S o i
. HMETTLIE . AFE— e e i i B )5 B 0
£, =0.097 mm, i IARIIFL E K (AS =7.26 Ha),
FE S5 B At 1m0 Se S e H o 30 R e JE - O i R IR T R o
B NEGT R TE AT R R R R AR BT I
Rt IF e 9 > LA IR B A0 17 38 B A AR IS
PR H I .

—_

% i /Hz
S = NWHAUAJOOD

£=0.097 mm,Af"=7.26 Hz

004 008 012 0.16
Jis FiL g e P BE /mm

Bl 4 OR[R]E H P % IR B T i - F B LR A R

[l 5 Sy s Ho, B s JEE i R R O R B Ak T AR AL
ARSI X6F 107 1Y) 0 - F I IR PR A RS e e T BT, 45 R
T NIEAR - B G R RO S R
SRR 0.8 mm B, e KRS B2 3k 17 He,
AR BIEETYE A MSZ XN e, . (HER
B RS K, 2 Euler-Bernoulli 7]‘1%11,19%
Ao B, PR KBRS 0.8 mm, I B 58 1Y 5
E5RERKREEZ N 37. 5,/ 4 Euler-Bernoulli
AR . 3o B G R BE N AN /N T L B R R
FER 2 £ B0 T=2¢,,

W
,///// /////”0
’////////,,//////

7

///,,///,

B 5 R[] FE P e 5L FE A 4 JEE
3 HXRiE
2R SCAH 3 ST R e R R R R 0] B 2 AR

BN S - IT B L IR RS

T, AR B 7 sk SR e T O K R RE VR A 4
B BT ST T B AR A 2 B O s R B R [l i 8 B
B IT B ICIR R B IR B SE 4G SRR A
Y TR R O RS B s o R AN S L A
£ — e 45 s v B 68 P T L (AR RS R d R A

I, e FEE %%éﬁ’]mﬁﬁﬂ‘,ﬂj@gﬁ%ﬁﬁ%
95 > AR SR BB A e
S % Uk :

[1] ROUNDY S, WRIGHT P K. A piezoelectric vibration
based generator for wireless electronics[ ] ]. Smart Ma-
terials and Structures,2004,13:1131-1142.

[2] ANTON S R. SODANO H A. A review of power harves-
ting using piezoelectric materials (2003-2006) [ J]. Smart
Materials and Structures,2007,16(3) :R1-R21.

[3] SUNITHAMANI S, LAKSHMI P. Simulation study on
performance of MEMS piezoelectric energy harvester with
optimized substrate to piezoelectric thickness ratio[ J]. Mi-
crosystem Technologies , 2014, 21(4): 1-6

[4] JUNG ], KIM P,LEE J I,et al. Nonlinear dynamic and
energetic characteristics of piezoelectric energy har-
vester with two rotatable external magnets[J]. Inter-
national Journal of Mechanical Sciences, 2015, 92:
206-222.

[5] HIDAKA S,KIM J H, JUNG H J,et al. Design of
supplemental plate for piezoelectric system to distrib-
ute impact force [ C]//Aveiro: Proceedings of ISAF-
ECAPD-PFM, IEEE,2012.1-4.

[6] NABAWY M R A, PARSLEW B, CROWTHER W
J. Dynamic performance of unimorph piezoelectric ben-
ding actuators[ ] ]. Journal of Systems and Control En-
gineering,2014,229.:118-129.

[7] Eifh, B3, &R 3T Hamilton J5 B 1)

AR 54 HT )] B 575 0%5.2014,36(5) .
753-758.
YAN Shiwei, YANG Jianwen, YANG Zhigang. Model-
ing and analysis of piezoelectric cantilever beams based
on Hamilton principle [J]. Piezoelectrics &. Acous-
tooptics,2014,36(5) :753-758.

[8] LI Jiajie, WU Huazhi, CHEN Canfeng. Harvesting en-
ergy density performance of cantilevered piezoelectric
transducers[ J ]. International Journal of Research in
Engineering and Science,2016,4(5) ;35-41.

[9] ERTURK A, INMAN D J. Mechanical considerations
for modeling of vibration-based energy harvesters
[C]// Las Vegas: 21st Biennial Conference on Me-
chanical Vibration and Noise, ASME, 2007.769-778.

[10] ERTURK A, INMAN D ]J. A distributed parameter e-
lectromechanical model for cantilevered piezoelectric
energy harvesters[ J|. Journal of Vibration and Acous-
tics,2008,130(4) :041002.





